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If {Pn(x; q)}n is a family of polynomials belonging to the q-Hahn tableau then each
polynomial of this family can be written as Pn(x; q) =
∑n
m=0 Dm(n)ϑm(x) where ϑm(x)
stands for (x; q)m or xm. In this paper we solve the corresponding inversion problem,
i.e. we find the explicit expression for the coefficients Im(n) in the expansion ϑn(x) =∑n
m=0 Im(n)Pm(x; q).
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1. Introduction
The Askey scheme of hypergeometric orthogonal polynomials contains the classical or-
thogonal polynomials which can be written in terms of hypergeometric functions, starting
at the top with Wilson and Racah polynomials and ending at the bottom with Hermite
polynomials (Askey and Wilson, 1985; Labelle, 1990). Koornwinder (1994) presented a
q-Hahn tableau: a q-analogue of that part of the Askey tableau which is dominated by
Hahn polynomials. In this q-Hahn tableau there are q-analogues of all the families in the
Askey tableau, often several q-analogues for one classical family. The q-Hahn tableau is
inside a more general scheme of basic hypergeometric orthogonal polynomials (Koekoek
and Swarttouw, 1998, see e.g.) dominated by the Askey–Wilson polynomials (Askey and
Wilson, 1985) and the q-Racah polynomials (Askey and Wilson, 1979), which contain all
other families as special or limit cases (Andrews and Askey, 1985).
Let {Pn(x)}n and {Qn(x)}n be two families of polynomials of degree exactly n. The
so-called connection problem between them asks to find the coefficients Cm(n) in the
expression
Pn(x) =
n∑
m=0
Cm(n)Qm(x). (1.1)
If the polynomials Qm(x) in (1.1) happen to be orthogonal on an interval I with respect
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to a measure dµ(x), then Cm(n) is the mth Fourier coefficient of Pn(x) with respect to
the orthogonal polynomials Qm(x) and hence it can be expressed as a multiple of the
integral
∫
I
Pn(x)Qm(x)dµ(x). Sometimes these integrals can be computed in terms of
hypergeometric or basic hypergeometric functions (see Askey, 1975, Lecture 7 and Gasper
and Rahman, 1990, Section 7.6). Also, the connection problem (1.1) can be approached
in a recurrent way using an algorithm (the Navima‡ algorithm) recently developed by the
authors (Ronveaux et al., 1995, 1996; Godoy et al., 1997; Zarzo et al., 1997; Area et al.,
1998(). This algorithm generates in a systematic way a linear recurrence relation in m
for Cm(n). An alternative recurrent approach can be found e.g. in Lewanowicz (1996).
The representation of the polynomials Pn(x; q) belonging to the q-Hahn tableau as
basic hypergeometric series suggests two natural bases to obtain expansions of the form
Pn(x; q) =
n∑
m=0
Dm(n)ϑm(x). (1.2)
These two expanding bases are the q-shifted factorial (i.e. ϑm(x) = (x; q)m) defined below
and the powers of x (i.e. ϑm(x) = xm).
The purpose of this paper is to illustrate the Navima algorithm as applied to the
inversion problem
ϑn(x) =
n∑
m=0
Im(n)Pm(x; q), (1.3)
corresponding to the direct problem (1.2), giving and solving a recurrence relation, in the
index m only, for the Im(n) coefficients. Computations involved in the obtainment and
solution of these recurrences make essential the use of a computer algebra system (here
Mathematica (Wolfram Research, Inc, 1996) symbolic language has been used). Our goal
here is not to cover all the situations within the q-Hahn tableau, but to emphasize the
systematic character and simplicity of our algorithm.
Let us finally mention that similar inversion problems to the ones considered here
have been already studied and solved in the literature for the classical continuous or-
thogonal polynomials (Luke, 1969, see e.g.) and in the classical discrete case (see Gasper
and Rahman (1990) and also Zarzo et al. (1997)). Due to the limit relations (Koekoek
and Swarttouw, 1998) between polynomials belonging to the q-Hahn tableau and the
aforementioned classical continuous and discrete families, the results obtained in these
references can be also derived by applying the appropriate limit property to the expres-
sions listed in Table 3.
The outline of the paper is as follows: in Section 2 we give the basic definitions and
notations. In Section 3 the Navima algorithm is described within the context of the inverse
problems (1.3). Moreover, a general recurrence relation provided by our method for the
Im(n) coefficients is given. Table 3 contains the explicit expressions for these inversion
coefficients.
2. Basic Definitions and Notations
We now give a brief background and define some terminology coming from the book
of Gasper and Rahman (1990). In what follows we shall always assume that 0 < q < 1.
‡Namur-Vigo-Madrid Group on Connection and Linearization Problems.
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We shall denote by
(x; q)n =

1 if n = 0,
(1− x)(1− qx) . . . (1− qn−1x) =
n−1∏
j=0
(1− qjx) if n ≥ 1 (2.1)
the q-shifted factorial related to xn by means of
(x; q)n =
n∑
m=0
[
n
m
]
q
(−1)mqm(m−1)/2xm, (2.2)
where the q-binomial coefficient is defined by[
n
k
]
q
=
(q; q)n
(q; q)k(q; q)n−k
.
The basic hypergeometric series or q-hypergeometric series is
rφs
(
a1, . . . , ar
b1, . . . , bs
q; z
)
=
∞∑
n=0
(a1, . . . , ar; q)n
(b1, . . . , bs, q; q)n
(
(−1)nqn(n−1)/2
)1+s−r
zn,
where r, s ∈ Z+ and (a1, . . . , ar; q)k = (a1; q)k . . . (ar; q)k. In order to avoid trivial singu-
larities or indeterminacies we shall always require that
b1, . . . , bs 6= q−k, k = 0, 1, . . . .
If one of the numerator parameters is of the form q−k then the above sum is finite,
which is the situation for all polynomials within the q-Hahn tableau. In Table 1 we give
the representation of each monic family in terms of basic hypergeometric series. Other
remaining families belonging to the q-Hahn tableau which are not listed in Table 1 are
related with the families here considered by means of simple relations (Koornwinder,
1994; Koekoek and Swarttouw, 1998, see).
The q-difference operator Dq is defined (Hahn, 1949b; Al-Salam, 1990) by
Dqf(x) =
f(qx)− f(x)
(q − 1)x , x 6= 0,
and Dqf(0) := f ′(0) by continuity, provided f ′(0) exists. It is clear that
Dqx
n = [n]qxn−1 and Dq(x; q)n = −[n]q(qx; q)n−1,
where
[n]q =
qn − 1
q − 1 , n ≥ 1, [0]q = 0.
As pointed out by Atakishiyev et al. (1995) (Magnus, 1988; Askey, 1989, see also) it
is not necessary to use the explicit form of a polynomial to define a family of orthogonal
polynomials, rather one can rely on a specific form of the differential equation (Bochner,
1929) or on the q-difference equation (Hahn, 1949a) that the polynomial satisfies. This
point of view, also considered and generalized by Nikiforov et al. (1991), is, precisely, the
one adopted by our algorithm. So, when dealing with the inversion problem (1.3), main
tools required are related with some properties satisfied by the polynomials involved with
respect to the q-difference operator Dq. In this sense, all the polynomials belonging to
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the q-Hahn tableau (Koornwinder, 1994) are eigenfunctions of a second-order q-difference
equation which can be written as
σ(x)DqDq−1Pn(x; q) + τ(x)DqPn(x; q) + λnPn(x; q) = 0, (2.3)
where
σ(x) = αx2 + δx+ , τ(x) = px+ r and λn = −[n] 1
q
[n− 1]q σ
′′
2
− [n]qτ ′.
(2.4)
The expressions of σ(x) and τ(x) for each of them are given in Table 2. Also, all these
families of polynomials satisfy a three-term recurrence relation which in the monic case
can be written
xPn(x; q) = Pn+1(x; q) + βnPn(x; q) + γnPn−1(x; q), (γn 6= 0), n ≥ 0,
(2.5)
with the initial conditions P−1(x; q) = 0 and P0(x; q) = 1. An important point is that the
coefficients βn and γn appearing in this formula can be computed directly in terms of the
polynomials σ(x) and τ(x), which completely characterize the second-order q-difference
equation (2.3). Their expressions are (Medem, 1996)
βn =
qn(−(αq(δ(1 + q) + (q − 1)r))− (α+ p(q − 1))q2n(δ(1 + q) + (q − 1)r))
α2q2 + (α+ p(q − 1))2q4n − α(α+ p(q − 1))q2n(1 + q2)
+
q2n(1 + q)(δ(α− p+ (α+ p)q) + α(q − 1)qr)
α2q2 + (α+ p(q − 1))2q4n − α(α+ p(q − 1))q2n(1 + q2) ,
γn = − q
1+n(qn − 1)(−(αq2) + (α+ p(q − 1))qn)
(αq2 − (α+ p(q − 1))q2n)2(αq − (α+ p(q − 1))q2n)(αq3 − (α+ p(q − 1))q2n)
×(α2q4 + (α+ p(q − 1))2q4n − αδq3+n(δ + (q − 1)r)− δ(α+ p(q − 1))q1+3n
×(δ + (q − 1)r) + q2(1+n)(−2α2+ δ2p(q − 1) + α(2δ2 + 2δ(q − 1)r
+(q − 1)(−2p+ (q − 1)r2)))),
with the notations given in (2.4).
Moreover, it can be proved (Medem, 1996) that all the q-Hahn tableau polynomials
satisfy the q-difference representation
Pn(x; q) =
DqPn+1(x; q)
[n+ 1]q
+ Fn
DqPn(x; q)
[n]q
+Gn
DqPn−1(x; q)
[n− 1]q , n ≥ 2, (2.6)
where
Fn =
qn(qn − 1)
α2q2 + (α+ p(q − 1))2q4n − α(α+ p(q − 1))q2n(1 + q2)
×((−(δ(α+ p(q − 1))qn(1 + q)) + αq(δ + (q − 1)r) + (α+ p(q − 1))q2n(δ + (q − 1)r))),
Gn =
(α+ p(q − 1))q2n(−1 + qn)(qn − q)
(αq2 − (α+ p(q − 1))q2n)2(−(αq) + (α+ p(q − 1))q2n)(−(αq3) + (α+ p(q − 1))q2n)
×(α2q4 + (α+ p(q − 1))2q4n − αδq3+n(δ + (q − 1)r)− δ(α+ p(q − 1))q1+3n
×(δ + (q − 1)r) + q2(1+n)(−2α2+ δ2p(q − 1) + α(2δ2 + 2δ(q − 1)r
+(q − 1)(−2p+ (q − 1)r2)))),
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Table 1. Representation of monic q-polynomials belonging to the q-Hahn tableau in terms of basic hy-
pergeometric series. Here and throughout the paper, the discrete q-Hermite polynomials II are evaluated
in x, instead of ix.
Family Basic hypergeometric series
Big q-Jacobi Pn(x; a, b, c; q) =
(aq;q)n(cq;q)n
(abqn+1;q)n
3φ2

q−n, abqn+1, x
aq, cq
q; q
q-Hahn Qn(x; a, b,N ; q) =
(aq;q)n(q
−N ;q)n
(abqn+1;q)n
3φ2
q−n, abqn+1, x
aq, q−N q; q
Little q-Jacobi pn(x; a, b|q) = (−1)
nqn(n−1)/2(aq;q)n
(abqn+1;q)n
2φ1
q−n, abqn+1
aq
q; qx
Big q-Laguerre Pn(x; a, b; q) = (aq; q)n(bq; q)n 3φ2
q−n, 0, x
aqbq
q; q
q-Meixner Mn(x, b, c; q) = (−c)nq−n2 (bq; q)n 2φ1 q
−n, x
bq
q;− qn+1
c
q-Charlier Cn(x, a; q) = (−a)nq−n2 2φ1 q
−n, x
0
q;− qn+1
a
Alternative q-Charlier Kn(x; a; q) =
(−1)nqn(n−1)/2
(−aqn;q)n 2φ1
q−n,−aqn
0
q; qx
Little q-Laguerre/Wall pn(x; a|q) = (−1)nqn(n−1)/2(aq; q)n 2φ1 q
−n 0
aq
q; qx
q-Laguerre L
(α)
n (x; q) =
(qα+1;q)n
(q−1)nqn(n+α) 1φ1
q−n
qα+1
q; (q − 1)xqn+α+1
Al-Salam–Carlitz I U
(a)
n (x; q) = (−a)nqn(n−1)/2 2φ1 q
−n, 1/x
0
q; qx/a
Al-Salam–Carlitz II V
(a)
n (x; q) = (−a)nqn(1−n)/2 2φ0 q
−n, x
− q; q
n/a
Stieltjes–Wigert Sn(x; q) = (−1)nq−n2 1φ1 q
−n
0
q;−xqn+1
Discrete q-Hermite I hn(x; q) = qn(n−1)/2 2φ1
q−n, 1/x
0
q;−qx
Discrete q-Hermite II h˜n(x; q) = qn(1−n)/2 2φ0
q−n, x
− q;−q
n
with the notations given in (2.4).
3. Inversion Problem Relative to q-difference Operator
In this section a description of the Navima algorithm as applied to the inverse prob-
lem (1.3) is given. This algorithm generates a second-order recurrence relation for the
inversion coefficients Im(n).
As the polynomial ϑn(x) in the left-hand side of (1.3) satisfies a first-order q-difference
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Table 2. Polynomials σ and τ in the q-difference equation (2.3) for each family belonging to the q-Hahn
tableau.
Family σ(x) τ(x)
Big q-Jacobi (aq − x)(cq − x) cq−x+aq(1−(b+c)q+bqx)
q−1
q-Hahn (aq − x)(q−N − x) aq(1+(x−1)bq)−x+q−N (1−aq)
q−1
Little q-Jacobi x(x− 1) 1−x+aq(bqx−1)
q−1
Big q-Laguerre (x− aq)(bq − x) −(a+b)q+abq2+x
(q−1)
q-Meixner c(x− bq) c(bq−1)+q(x−1)
q−1
q-Charlier ax
q(x−1)−a
q−1
Alternative q-Charlier x(1− x) −1+x(1+aq)
q−1
Little q-Laguerre/Wall x(1− x) −1+aq+x
q−1
q-Laguerre x
1+q1+α(x(q−1)−1)
1−q
Al-Salam–Carlitz I (x− 1)(x− a) x−a−1
1−q
Al-Salam–Carlitz II a x−a−1
q−1
Stieltjes–Wigert x qx−1
q−1
Discrete q-Hermite I 1− x2 x
q−1
Discrete q-Hermite II 1 x
1−q
equation
((a0 + a1x)Dq + a2I)ϑn(x) = 0
{
a0 = −a1 = 1, a2 = [n]q if ϑn(x) = (x; q)n
a0 = 0, a1 = 1, a2 = −[n]q if ϑn(x) = xn (3.1)
application of (3.1) to both sides of (1.3) leads to the expression
0 =
n∑
m=0
Im(n)[(a0 + a1x)DqPm(x; q) + a2Pm(x; q)].
Using in this later expression the q-difference representation (2.6) and the recurrence
relation (2.5) for the {Pn(x; q)}n family, we obtain
0 =
n∑
m=1
Im(n) {[m]q[m− 1]q(qa2 − a1(1− [m+ 1]q))DqPm+1(x; q)
+[m+ 1]q[m− 1]q((qa2 − a1)Fm + (qa0 + a1βm)[m]q)DqPm(x; q)
+[m+ 1]q[m]q((qa2 − a1)Gm + a1γm[m− 1]q(m− 1))DqPm−1(x; q)},
where Fm and Gm are the coefficients of the q-difference representation (2.6) and βm
and γm are the coefficients of the three-term recurrence relation (2.5) of the family
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{Pm(x; q)}m. From the above expression, after a shift of indices and using the linear
independence of the family {DqPm(x; q)}m, we obtain the searched recurrence relation
for the coefficients Im(n) in (1.3)
((qm − 1)a1γm+1 + (q − 1)(qa2 − a1)Gm+1)Im+1(n) + ((qm − 1)(qa0 + a1βm)
+(q − 1)(qa2 − a1)Fm)Im(n) + ((qm − q)a1 + (q − 1)qa2)Im−1(n) = 0,
valid for 1 ≤ m ≤ n with the initial conditions In+1(n) = 0 and
In(n) = (−1)nqn(n−1)/2 if ϑn(x) = (x; q)n or In(n) = 1 if ϑn(x) = xn,
since monic polynomials have been considered. With the help of Mathematica (Wolfram
Research, Inc, 1996), the remaining coefficients Im(n) can be backward computed. The
explicit expression of the inversion coefficients Im(n) in (1.3) for each monic polynomial
family inside the q-Hahn tableau has been summarized in Table 3.
A detailed description of our algorithm for general connection problems as (1.1) can
be found from Area et al. (1998() and Godoy et al. (1997).
3.1. example: big q-Jacobi polynomials
As an illustration we give here the explicit expression of the second-order recurrence
relation for the inversion coefficients Im(n) in (1.3) when Pm(x; q) are the big q-Jacobi
polynomials.
The coefficients Im(n) in the expansion
(x; q)n =
n∑
m=0
Im(n)Pm(x; a, b, c; q) (3.2)
satisfy the following three-term recurrence relation
(−1 + abq1+2m)(−1 + abq3+2m)(−qm + q1+n)Im−1(n)
+q(−1 + qm)(−1 + abq2(1+m))(−1 + abq1+2m)(−1 + abq3+2m)
×(1 + qm(−c+ a(−1 + ab2q2+3m − (b+ c)q1+n − bq1+2m(a+ c+ a(b+ c)q1+n)
+qm(c+ bq + cq − bq2 + b(a+ c)q1+n(1 + q)))))Im(n)
+aq2+m(−1 + qm)(−1 + abq2m)(−1 + q1+m)(−1 + bq1+m)
×(−c+ abq1+m)(−1 + cq1+m)(−1 + abq2+m+n)Im+1(n) = 0,
valid for 1 ≤ m ≤ n with the initial conditions In+1(n) = 0 and In(n) = (−1)nqn(n−1)/2.
We have been able to solve explicitly the above recurrence (see Table 3) in the following
way: computation of the first few Im(n) coefficients from the recurrence allows us to make
a guess at its general expression. Afterwards, we show by substitution that this guess (as
well as the initial conditions) satisfies the recurrence relation.
Similar recurrence relations could be also given for all polynomials belonging to the
q-Hahn tableau by using the Navima algorithm in each case, but these recurrences can be
also obtained from the above recurrence relation by using the limit relations (Koekoek
and Swarttouw, 1998) linking monic big q-Jacobi polynomials and the remaining elements
of the q-Hahn tableau.
Moreover, as pointed out in the introduction, the existing limit relations (see e.g.
Koekoek and Swarttouw, 1998) between the elements of the q-Hahn tableau and the
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Table 3. Inversion coefficients for each monic family inside the q-Hahn tableau
Family Basis Im(n)
Big q-Jacobi {(x; q)n}n (−1)m

n
m
q
qm(m−1)/2 (aq
m+1,cqm+1;q)n−m
(abq2(m+1);q)n−m
q-Hahn {(x; q)n}n (−1)m nm
q
qm(m−1)/2 (aq
m+1,qm−N ;q)n−m
(abq2(m+1);q)n−m
Little q-Jacobi {xn}n nm
q
(aqm+1;q)n−m
(abq2(m+1);q)n−m
Big q-Laguerre {(x; q)n}n (−1)m nm
q
qm(m−1)/2(aqm+1, bqm+1; q)n−m
q-Meixner {(x; q)n}n (−1)n nm
q
qm(3m+1)/2−n(m+1)cn−m(bqm+1; q)n−m
q-Charlier {(x; q)n}n (−1)n nm
q
qm(3m+1)/2−n(m+1)an−m
Alternative q-Charlier {xn}n nm
q
1
(−aq2m+1;q)n−m
Little q-Laguerre/Wall {xn}n nm
q
(aqm+1; q)n−m
q-Laguerre {xn}n nm
q
q(m−n)(1+2α+3m+n)/2
(1−q)n−m (q
α+m+1; q)n−m
Al-Salam–Carlitz I {xn}n nm
q
∑n−m
i=0
n−m
i
q
ai
Al-Salam–Carlitz II {(x; q)n}n (−1)n nm
q
qm(m−n)+n(n−1)/2an−m
Stieltjes–Wigert {xn}n nm
q
q(m−n)(3m+n+1)/2
Discrete q-Hermite I {xn}n 1+(−1)
n−m
2
n
m
q
(q; q2)(n−m)/2
Discrete q-Hermite II {(x; q)n}n (−1)m nm
q
qm(m−n)+n(n−1)/2
classical continuous (Jacobi, Laguerre, Hermite) and classical discrete (Hahn, Kravchuk,
Meixner, Charlier) orthogonal polynomials allow us to recover from the results here
obtained the already computed inversion coefficients for these later families (Luke, 1969;
Gasper and Rahman, 1990; Zarzo et al., 1997, see). One should take into account that,
in some cases, when applying the required limit relation, the q-shifted factorial (x; q)n is
transformed to xn or xn = x(x− 1) . . . (x− n+ 1).
Remark 1. From the results listed in Table 3, using (2.2) and
xn =
n∑
m=0
[
n
m
]
q
(−1)mqm(m+1−2n)/2(x; q)m, (3.3)
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the inversion coefficients in (1.3) could also be computed when considering the alternative
basis ((x; q)n or xn) to the one we have chosen here.
Remark 2. The full Askey scheme cannot be covered in the same way in this paper
because outside Koornwinder’s q-Hahn tableau the degree of the polynomials σ(x) and
τ(x) in (2.4) are too large (Andrews and Askey, 1985; Koekoek and Swarttouw, 1998,
see). Formulae giving βn, γn, Fn and Gn in terms of σ(x) and τ(x) are, of course, no more
valid. Inversion problems for the complete Askey scheme will be considered elsewhere.
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